We analysed the influence of the fluctuations in distribution of magnetic atoms on the properties of dilute magnets with mixed ferro-and antiferromagnetic exchange interactions. The high-and low concentration approximations were found to give very close results and the most important impact on the physical quantities origins from the lowest, square fluctuations which play the predominant role in the whole range of concentrations of magnetic atoms.
Introduction
Theoretical description of dilute magnets containing magnetic and nonmagnetic atoms randomly distributed over all lattice sites is usually based on the assumption that physical parameters which describe a state of the system are the results of the averaging procedure over all possible distributions of magnetic atoms in the system. In the general case, due to their mathematical complexity the exact results are impossible to obtain, so averaging is realised in approximation. The approximation should take into account the concentration of magnetic atoms in the system and, as a consequence, the impact of the fluctuations in distribution of magnetic component on the averaged quantities. The aim of this paper is an assessment of the structural fluctuations influence on the basic parameters of the system by the use of two extreme approximations reasonable separately in the case of high and low concentrations of magnetic atoms. The calculations have been presented for the general case of the two-sub-lattice model of the site type with mixed ferro-and antiferromagnetic exchange interactions that relates to some dilute ferrimagnets with the perovskite structure such as LaMn 
The averaged Green function
For a given distribution R of magnetic atoms, we introduce the Hamiltonian of the spin system in a form of
where (..) is summing over all lattice points coupled with magnetic atoms assuming that the lattice points r and s belong to the same sub-lattice ε = α (for r, s ∈ α) or ε = β (for r, s ∈ β) whereas the lattice points r and t belong to different sub-lattices. Independently of the distribution R, the constants J ε (r, s) and K(r, t) denote positive integrals of exchange bonding ferromagnetically pairs of magnetic atoms inside each sub-lattice ε and bonding antiferromagnetically pairs of atoms coupled with different sub-lattices, respectively. Parameters η ε , η γ ∈ 0, 1/2 determine the exchange anisotropy of the corresponding couplings. The mathematical description of the spin system has been presented in the previous part of the work [1] . It is based on the theory of localised Green function and cumulant expansion technique used in configuration averaging procedure of the Green function over all possible magnetic atom distributions in the system. The presented calculations, as general ones, may be applied for any localised Green function whose analytical form depends on the decoupling method of a chain system of equations and the order of the equation at which the decoupling is performed. Irrespective of the type of approximation every one localised Green function Q r in a spectral representation ω may be presented as
Function Q r is connected with any magnetic lattice point r that belongs to one of sub-lattices ε, but both the variables x εl (r) depend only on the configuration of magnetic atoms and fluctuate around zero with the change in the configuration R. In the approximation of the nearest neighbouring atoms the variables take a form of
where summing runs over N/2 vectors k of the reciprocal lattice in the first Brillouin zone. The quantity c ε ∈ 0, 1 is concentration of magnetic atoms on sublattice ε but vectors R r determine the locations of magnetic lattice points r, at the same time for r ∈ α(β), ε ∈ α(β) for l = 1 or ε ∈ β(α) for l = 2. Parameters
define the spatial crystallographic structure of the lattice described by vectors δ l that determine the locations of all z 1 inter-and z 2 intra-sub-lattice nearest neighbouring atoms. The variable on the right side of Eq. (3)
determines fluctuation of the structural parameter
where summing runs over all (magnetic as well as non-magnetic) points r of sublattice ε, but ξ r is zero-one operator that takes 1 with probability c ε when the lattice point r is coupled with a magnetic atom and takes 0 with probability 1 − c ε in the other case. Expanding the Green function (2) into Taylor's series in relation to the variables x εl (r) and averaging the obtained result over all possible configurations of magnetic atoms in the system, we find
where
(10) In the above equation, . . . denotes an average over all possible configurations of magnetic atoms in the system but summing in Eq. (9) runs over all combinations ν 1 and ν 2 so that ν 1 + ν 2 = ν ∈ 0, ∞). Using the basic rules of the cumulant expansion technique [2] the configuration moments on the right side of Eq. (8) may be presented in a form of the sum over all possible products of the cumulants
where n is the order of the cumulant equal to the number of terms ρ ε (k lf ), {f } -each possible subset of numbers from 1 to ν l , but P n (c ε ) is a polynomial of n-order in relation to c ε written in
Taking into account the foregoing notations, the first terms of the averaged Green function (8) may be expressed in the algebraic expansion
where Using the rules for calculation of cumulants we may show that for ν = 5 the series (13) expands by 24 additional elements which reduce to 6 elements after summing of the algebraically even terms. For ν = 6 the number of elements increases by 61, giving additional 11 uneven terms of the expansion. Hence, when the quantity ν increases, as it is connected with higher correlations of structural fluctuations, the interpretation of the impact of each term of the expansion (13) on the Green function becomes a problem. However, to assess the impact of structural fluctuations on the averaged Green function it is essential to take into account the terms with the high values of ν. It results from the fact that at the decoupling of the moments of even very high orders into cumulants, in the series there are the terms which at the given approximation may substantially influence the averaged Green function in the way as the terms that origin from the moments of the low orders do. For example, expanding the Green function into series and taking into account only linear dependence of its terms on one concentration c ε , all elements of the expansion including for given ν only polynomials P ν (c ε ), which for low c ε are proportional to c ε , should be considered. But expanding the Green function in relation to c 2 ε , the terms including either P ν (c ε ) or P ν−r (c ε )P r (c ε ) ∼ c 2 ε should be considered as well as all the other terms should be excluded. In both approximations the terms which should be taken into account appear in the terms in which ν has low and a high value as well.
The discussion on structural fluctuations connecting with moments of high orders is also essential in other methods of calculations of averaged quantities. In the literature the methods of selective summing of a series are quite often used approximations. Such approaches consider only these elements in the terms of the series which are responsible for the impact that origins from the structural fluctuations of the given order. In such formulated approximation the expansion of moments into cumulants even for high ν gives the terms whose impact on the averaged Green function is physically equivalent to the influence of terms connected with moments of lower orders. For example, in the moment of the fourth order which appears in Eq. (13) the terms with binary interpretation of structural correlation occur.
Quantitative analysis
The quantitative analysis was carried out for critical concentration that means such the lowest concentration of magnetic atoms below which the longrange order declines. The assessment refers to the approximation of the effective field that is a result of a given scheme of self-consistency of the chain system of equations for the Green function introduced for solid magnets by Riess and Movroyannis [3, 4] . Carrying out the calculations quite similar to those performed in the previous paper [1] we find one-particle Green function, which for the spectral representation takes the form of
Above, the site-dependent variables x εl (r) are given by Eq. (3) but J ε and K denote positive ferro-and antiferromagnetic exchange constants reduced to the nearest neighbours. In order to find the configurationally averaged Green function we expand it in a power series of x εl (r) and then using the cumulant technique we express it in a form of Eq. (13). The averaged Green function with the known spectral relations determines the implicit and also expressed in the series form equations for the expectation values S z ε and therefrom the magnetization and the critical temperature T N of the system. In the limit of T N → 0 we find the equation for the critical concentration which for the case of J α = J β ≡ J and c α = c β ≡ c takes the form
where κ = K/J but η ε = η γ ≡ η ∈ 0, 1/2 determines exchange anisotropy of the interactions. The parameters x l (r), defined for c α = c β by Eq. (3), fluctuate around zero with the change in configurations of atoms in the nearest neighbourhood of r-magnetic point. For n → ∞, the equation shows the accurate relation for the critical concentration of the system and it may be used to compare the results obtained from the approximations calculated for high and low magnetic atoms concentrations separately. In order to sum the series (19) the approximation which concerns the impact of the lowest, square structural fluctuations is recommended [5] [6] [7] :
This approximation is strictly fulfilled within the limits of high magnetic atoms concentrations for which structural fluctuations of the lowest orders are significantly more probable than the structural fluctuations of high orders [8] . For low concentrations of magnetic atoms the approximation concerning the terms including the first power c ε in the expansion (19) is sensible [2, 9] :
In Table there are presented the critical concentrations c n in the approximation of the low and high concentrations which are for n = 2, . . . , 6, 10 the solutions of equations ϕ 2 (c) = 1, . . . , ϕ 6 (c) = 1, ϕ 10 (c) = 1, respectively. The critical concentrations
are the solutions of Eq. (19) obtained when neglecting the fluctuations in the magnetic atoms distribution. The accurate values of the critical concentrations in both approximations are the limits of sequence of solutions c n for n → ∞. In the approximation of high concentrations the limit of the sequence is determined by the equation appear at the second step of the approximations. The same critical concentrations c 2 calculated from the ϕ 2 (c) = 1 equation correspond to the approximations. For example, for (z 1 , z 2 ) = (6, 2), in both the cases c 2 is higher than c 1 round about of 7.6% but numerical corrections that should be taken into account in c 2 to obtain the accurate values of the critical concentrations in the approximation of low and high concentrations are, correspondingly, 0.5 and 0.7% of c 2 . This result is an evidence of a significant impact of the lowest structural fluctuations on the numerical results obtained also within the limits of low concentrations of magnetic atoms. It is worth noticing that in the approximation (21) the correlations of structural fluctuations of uneven orders are neglected. In the discussed model the distribution of magnetic and non-magnetic atoms on each sub-lattice is binomial and then it is symmetrical for concentrations c ε = 1/2 of every magnetic component. Hence, the approximation (21) is also sensible for intermediate ranges of magnetic atoms concentrations in a system.
Conclusions
We estimated the structural fluctuations impact on the critical concentration of dilute spin system with two kinds of exchange interactions. The quantitative assessment was carried out by the use of two approximations separately sensible in the limit of high and low concentrations of magnetic atoms. The numerical results obtained for all the discussed lattices are very close and they did not distinguish in both the approximations of more than 1.3%. Such small differences are explained by the fact that the greatest contribution to the physical quantities comes from the lowest, square structural fluctuations which are the same at the second step for both approximations whereas all contributions coming from all fluctuations of the higher order lead only to correction of one order lower quantity.
